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QUASI-LOCAL PENROSE INEQUALITIES WITH ELECTRIC CHARGE
PO-NING CHEN AND STEPHEN MCCORMICK
ABSTRACT. The Riemannian Penrose inequality is a remarkable geometric inequality be-
tween the ADMmass of an asymptotically flat manifold with non-negative scalar curvature
and the area of its outermost minimal surface. A version of the Riemannian Penrose in-
equality has also been established for the Einstein–Maxwell equations, where the lower
bound on the mass also depends on the electric charge. In the context of quasi-local mass,
one is interested in determining if, and for which quasi-local mass definitions, a quasi-local
version of these inequalities also holds.
It is known that the Brown–York quasi-local mass satisfies a quasi-local Riemannian
Penrose inequality, however in the context of the Einstein–Maxwell equations, one expects
that a quasi-local Riemannian Penrose inequality should also include a contribution from
the electric charge. This article builds on ideas of Lu and Miao in [16] and of the first-
named author in [5] to prove some charged quasi-local Penrose inequalities for a class of
compact manifolds with boundary. In particular, we impose that the boundary is isometric
to a closed surface in a suitable Reissner–Nordstrm manifold, which serves as a reference
manifold for the quasi-local mass that we work with. In the case where the reference
manifold has zero mass and non-zero electric charge, the lower bound on quasi-local mass
is exactly the lower bound on the ADM mass given by the charged Riemannian Penrose
inequality.
1. INTRODUCTION
Motivated by the cosmic censorship conjecture, Penrose conjectured that an isolated sys-
tem satisfying an appropriate energy condition should have mass bounded from below in
terms of the horizon area of any black holes it contains [22]. While the full conjecture re-
mains open, the Riemannian (or time-symmetric) case has been resolved in the affirmative
and is a celebrated result in geometric analysis. It was proven by Huisken and Ilmanen [9]
in the case of a connected horizon, and independently by Bray [4] allowing for the horizon
to be disconnected. When gravity is coupled to electromagnetic fields – the Einstein–
Maxwell equations – the lower bound on total mass should also contain a contribution
from the electric charge; the charged Penrose inequality. The Riemannian case of this has
also been settled. Under the assumption that the horizon is connected, this result follows
from an old argument of Jang [13] when combined with the more recent development of
weak inverse mean curvature flow by Huisken and Ilmanen [9] (see also [18]). The case
of a disconnected horizon is more subtle when one includes electric charge and some extra
care must be taken. However, an appropriate version of Bray’s approach has been devel-
oped to account for the electric charge by Khuri, Weinstein and Yamada [15], resolving the
inequality in the case of disconnected horizons.
1
2In addition to the Riemannian Penrose inequality for asymptotically flat manifolds, there
has been recent interest in quasi-local versions of the Penrose inequality. Namely, one
would like to bound the quasi-local mass of a region from below in terms of an outermost
horizon area. As there are many candidates for a quasi-local mass definition in the litera-
ture, we briefly digress to mention the quasi-local mass definition that we focus on in this
article. The Brown–York mass is a definition that arises from the Hamiltonian formulation
of general relativity and is defined in terms of an isometric embedding into a reference man-
ifold, which is taken to be Euclidean space. Variations of this, as well as the more modern
Wang–Yau mass, have been studied using different spaces as the reference manifold (see
[6]). When we refer to quasi-local mass with respect to a given reference manifold, it is
this definition that we are considering. Some more details are given after the statement of
Theorem 1.6.
A quasi-local Penrose inequality for the usual Brown–York mass was established by Shi
and Tam [24] and by Miao [21]. However, one observes that for a surface enclosing a hori-
zon, the obtained Penrose inequality is a strict inequality. This contrasts the Riemannian
Penrose inequality for asymptotically flat manifolds where equality holds precisely for the
Schwarzschild manifold. To obtain a sharp inequality where the equality holds for surfaces
in the Schwarzschild manifold, Lu and Miao proved a Penrose inequality for a quasi-local
mass with a Schwarzschild manifold as the reference manifold [16]. In [17], Lu and Miao
proved that the equality holds for their quasi-local Penrose inequality if and only if the
surface is in the Schwarzschild manifold. See also [7, 25].
To include the effect of matter, the first-named author proved a quasi-local Penrose in-
equality for the quasi-local mass with reference to a more general static manifold, including
the Reissner–Nordstrm manifold [5]. Nevertheless, while the reference manifolds were ex-
tended, the matter fields do not contribute to the inequality obtained in [5]. In particular, for
a surface in a spacetime enclosing a non-vanishing matter, the inequality is always strict.
The main goal of this article is to strengthen the inequality obtained in [5] to include the
contribution from the electric charge. We remark that Alaee, Khuri and Yau [1] also give
different versions of the quasi-local Penrose inequality, including contributions due to both
angular momentum and the electric field. Our inequality captures the full contribution of
the electric field to the Penrose inequality. In particular, the equality case holds for the
inequality we obtain for surfaces in the Reissner–Nordstrm manifold.
The precise details of the charged Riemannian Penrose inequality that we require will be
given in Section 2. However, the statement is essentially as follows. Given asymptotically
flat time-symmetric initial data for the Einstein-Maxwell equations satisfying the dominant
energy condition, with outermost minimal surface ΣH then
(1.1) mADM ≥
( |ΣH |
16π
) 1
2
(
1 +
4πQ2
|ΣH |
)
,
where mADM is the ADM mass, |ΣH | denotes the area of ΣH , and Q is the total electric
charge. Usually, this inequality is stated with an additional hypothesis that the electric field
is divergence-free. However, to establish our main results, we will need to employ versions
3of this inequality that hold when the electric field is not divergence-free. For the sake of
exposition, we reserve the statements of these versions of the inequality for Section 2.
Our main results rely on the corner-smoothing technique of Miao [20] and the smoothing
of the electric field as in [1]. We therefore recall the following definition of a manifold with
metric admitting corners along Σ. Consider a manifold M with a closed hypersurface Σ
that encloses a compact region Ω inM .
Definition 1.1. A metric admitting corners along Σ is defined to be a pair (g−, g+), where
g− and g+ are C
2,α
loc metrics on Ω and M \ Ω respectively, that are C2 up to the boundary
and induce the same metric on Σ.
We say such a metric admitting corners is asymptotically flat if g+ is asymptotically flat
on M \ Ω in the usual sense (see Section 2). As we are interested in electrically charged
initial data sets, we give the following analogous definition.
Definition 1.2. A charged manifold admitting corners along a hypersurface Σ is defined
as a tuple (M, g−, g+, E−, E+) such that (g−, g+) is a metric admitting corners along Σ on
a manifoldM , and E− and E+ are C
1,α
loc vector fields on Ω and M \ Ω respectively, up to
the boundary.
Along the corner, we are particularly interested in the normal projection of E, the flux
of the electric field. For this reason, we introduce the notation
(1.2) Φ := E · ν,
where ν is the unit normal vector to the surface in question, usually the corner. We then
employ the notation
(1.3) Φ± := E± · ν.
In this article, we first prove three closely related versions of the charged Riemannian
Penrose inequality on a charged asymptotically flat manifold admitting corners, related to
each of the three different versions of the charged Riemannian Penrose inequality given in
Section 2. Specifically, we show the following.
Theorem 1.1. Let (M, g−, g+, E−, E+) be a charged manifold with corners such that the
outermost minimal surface ΣH ofM is contained in Ω. Suppose
(1.4) H− −H+ ≥ 2 |Φ+ − Φ−| and Q2∞ ≤
|ΣH |
4π
,
and on Ω andM \ Ω, we have
(1.5) R(g) ≥ 2|E|2 + 4|∇ · E|
and∇ ·E+ is compactly supported. Then
(1.6) mADM ≥
( |ΣH |
16π
)1/2(
1 +
4πQ2∞
|ΣH |
)
where Q∞ is the total electric charge onM , measured at infinity.
4Theorem 1.2. Let (M, g−, g+, E−, E+) be a charged manifold with corners such that the
outermost minimal surface ΣH of M is contained in Ω, which we assume is topologically
the product of Σ and an interval. Suppose further
(1.7) H− ≥ H+ and Φ+ ≤ Φ−,
and on Ω andM \ Ω, we have
(1.8) R(g) ≥ 2|E|2 and ∇ · E ≤ 0.
(1.9) mADM ≥
( |ΣH |
16π
)1/2(
1 +
4πQ2∞
|ΣH |
)
where Q∞ ≥ 0 is the total electric charge onM , measured at infinity.
Theorem 1.3. Let (M, g−, g+, E−, E+) be a charged manifold with corners such that the
outermost minimal surface ΣH of M is contained in Ω, which we assume is topologically
the product of Σ and an interval. Suppose further
(1.10) H− ≥ H+ and Φ+ ≥ Φ−,
and on Ω andM \ Ω, we have
(1.11) R(g) ≥ 2|E|2 and ∇ · E ≥ 0.
(1.12) mADM ≥
( |ΣH |
16π
)1/2(
1 +
4πQ2H
|ΣH |
)
where QH ≥ 0 is the electric charge of ΣH .
We briefly remark on the condition that Ω be a cylinder, appearing in the above two
theorems. The proofs rely on approximating the manifold with corner with a sequence
of smooth manifolds, and while we can control the area of the outermost horizon in the
approximating sequence we cannot rigorously rule out the possibility that the outermost
horizon in the approximating sequence becomes disconnected. The proofs then apply a
version of the charged Riemannian Penrose inequality that follows from the inverse mean
curvature flow approach, which requires that the outermost horizon be connected.
As a consequence of the above theorems, we prove the following quasi-local versions of
the charged Penrose inequality. Below, we refer to two convexity conditions without giving
explicit details for the sake of exposition. Their precise definitions are given in Section 4.
Theorem 1.4. Let (Ω, g) be a compact manifold with two boundary components, ΣH and
Σ, a horizon (H = 0) component and an outer component withH > 0, respectively. Let E
be a vector field on Ω representing the electric field, satisfying R(g) ≥ 2|E|2 + 4|∇ · E|.
Assume that Σ isometrically embeds in some Reissner–Nordstro¨m manifold with total mass
m and total charge Q where Q
2 ≤ |ΣH |
4pi
. Suppose that one of the following holds
A. the convexity condition (†) andm > 0, or
B. the convexity condition (††) andm = 0,
5and assume in addition that
H > 2|Φ− Φ|
where Φ is the electric flux in the Reissner–Nordstro¨m manifold. Then
(1.13)
1
8π
∫
Σ
V (Ho −H + 2|Φ− Φ|) dΣ ≥
( |ΣH |
16π
)1/2(
1 +
4πQ
2
|ΣH |
)
−m
where V is the static potential for the Reissner–Nordstro¨m manifold and Ho is the mean
curvature of the isometric embedding.
Remark 1.1. The convexity condition (†), which was introduced in [5], is given by Defini-
tion 4.1. The convexity condition (††) is a new condition closely related to (†), and is given
by Definition 4.2.
Theorem 1.5. Let (Ω, g) be a compact manifold that is topologically a cylinder with bound-
ary components, ΣH and Σ; a horizon (H = 0) component and an outer component with
H > 0, respectively. Let E be a vector field on Ω representing the electric field, sat-
isfying R(g) ≥ 2|E|2 and ∇ · E ≤ 0. Assume that Σ isometrically embeds in some
Reissner–Nordstro¨m manifold of charge Q ≥ 0 with mean curvature Ho such that one of
the following holds
A. the convexity condition (†) andm > 0, or
B. the convexity condition (††) andm = 0,
and assume in addition that
Φ ≤ Φ
where Φ is the electric flux in the Reissner–Nordstro¨m manifold. Then
(1.14)
1
8π
∫
Σ
V (Ho −H) dΣ ≥
( |ΣH |
16π
)1/2(
1 +
4πQ
2
|ΣH |
)
−m
where V is the static potential for the Reissner–Nordstro¨m manifold, andm is its mass.
Theorem 1.6. Let (Ω, g) be a compact manifold that is topologically a cylinder with bound-
ary components, ΣH and Σ; a horizon (H = 0) component and an outer component with
H > 0, respectively. Let E be a vector field on Ω representing the electric field, satisfying
R(g) ≥ 2|E|2, Q(ΣH) ≥ 0, and ∇ · E ≥ 0. Assume that Σ isometrically embeds in some
Reissner–Nordstro¨m manifold with mean curvatureHo such that one of the following holds
A. the convexity condition (†) andm > 0, or
B. the convexity condition (††) andm = 0,
and assume in addition that
Φ ≥ Φ
where Φ is the electric flux in the Reissner–Nordstro¨m manifold. Then
(1.15)
1
8π
∫
Σ
V (Ho −H) dΣ ≥
( |ΣH |
16π
)1/2(
1 +
4πQ(ΣH)
2
|ΣH |
)
−m
where V is the static potential for the Reissner–Nordstro¨m manifold andm is its mass.
6The quantity given on the right-hand side of (1.15) is the quasi-local mass with respect to
a static reference manifold, discussed above. In this instance, we use a Reissner–Nordstro¨m
manifold as the reference manifold. This quantity goes by several names in the literature,
such as a weighted Brown–York mass integral or the Wang–Yau energy with respect to
a static reference. One may view this quantity as somehow measuring how far a domain
deviates from the given reference manifold, since this quasi-local mass trivially yields zero
if the surface lies in the reference manifold and the isometric embedding is the identity map.
Note that if the reference manifold has non-zero mass, then in general the quasi-local mass
defined with respect to it will not be positive. However, we would like to remark that this
is not the case when the reference manifold is taken to be a Reissner–Nordstro¨m manifold
with zero mass. One can see from (1.15) that when m = 0, the quasi-local mass not only
is positive, but the lower bound is exactly the lower bound for the charged Riemannian
Penrose inequality. Furthermore, whenm = 0, (1.15) is in fact a strict inequality, analogous
to the quasi-local Penrose inequality for the Brown–York mass (see Remark 5.1).
The outline of this article is as follows. Section 2 briefly recalls some standard definitions
and the specific versions of the charged Riemannian Penrose inequalities that we will make
use of. In Section 3 we prove Theorems 1.1, 1.2 and 1.3. Then Section 4 describes a
charged Shi–Tam type of extension following [5], which we use in Section 5 to finally
prove Theorems 1.4, 1.5 and 1.6.
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2. SETUP AND DEFINITIONS
In this section, we recall some standard definitions and explicitly give the versions of
the charged Riemannian Penrose inequality with charged matter that we will need in what
follows.
A time-symmetric, charged initial data set consists of the triple (M, g, E) where (M, g)
is assumed to be a Riemannian 3-manifold and E is a vector field representing the electric
field. Generally one also imposes the dominant energy condition on such initial data, which
in the time-symmetric case is simply the condition
(2.1) R(g) ≥ 2|E|2
where R(g) is the scalar curvature of g. Physically, this condition corresponds to the as-
sumption that any physical matter has non-negative local energy density. Throughout, we
are interested in asymptotically flat initial data sets, which physically represent isolated
gravitating systems. We say (M, g, E) is asymptotically flat (of order ρ, with one end) if:
(1) M , after removing a compact set, is diffeomorphic toR3 minus the closed unit ball;
(2) R(g),∇ · (E) ∈ L1(M);
7(3) in the Euclidean coordinates near infinity given by the diffeomorphism we have
|g − δ|+ |x| |∂g|+ |x|2 |∂2g| = O(|x|ρ);
(4) and, |E|+ |x| |∂E| = O(|x|ρ−1)
where ρ ∈ (−1
2
,−1]. This is precisely what is required for the ADMmass and total electric
charge to be well-defined. In the standard rectangular Cartesian coordinates near infinity,
the ADM mass can be expressed as
(2.2) mADM = lim
r→∞
1
16π
∫
Σr
(∂igij − ∂igij) νj dΣ,
where the limit is taken over large coordinate spheresΣr, ν
j is the unit normal, and repeated
indices are summed over. Given any closed 2-surface Σ, the charge enclosed by Σ, denoted
Q(Σ), is defined by the flux integral
(2.3) Q(Σ) =
1
4π
∫
Σ
Eiν
i dΣ =
1
4π
∫
Σ
Φ dΣ.
The total charge, Q∞ then can be expressed as
(2.4) Q∞ = lim
r→∞
1
4π
∫
Σr
Φ dΣr.
We are now ready to state the three versions of the charged Riemannian Penrose inequal-
ity that we require.
Theorem 2.1 ([14, 18]). Let (M, g, E) be a charged asymptotically flat 3-manifold satis-
fying R(g) ≥ 2|E|2 + 4|∇ · E|, containing an outermost minimal surface Σ, and assume
that∇ · E is compactly supported. Then we have
(2.5) mADM ≥
( |Σ|
16π
) 1
2
(
1 +
4πQ2∞
|Σ|
)
.
Furthermore, equality holds if and only if (M, g, E) is a Reissner–Nordstro¨m manifold.
Remark 2.1. Theorem 2.1 is essentially Theorem 1.3 of [14], after applying a minor
correction, as discussed in Section 3.3 of [18]. The correction relates to the hypothesis
R(g) ≥ 2|E|2 + 4|∇ · E|, which is stronger than the usual dominant energy condition,
sometimes called the enhanced dominant energy condition.
Theorem 2.2 ([13, 18]). Let (M, g, E) be a charged asymptotically flat 3-manifold satisfy-
ing the dominant energy condition, containing a connected outermost minimal surface Σ,
and assume that exterior to Σ it holds that Q∞∇ · E ≤ 0.
Then
(2.6) mADM ≥
( |Σ|
16π
) 1
2
(
1 +
4πQ2∞
|Σ|
)
.
Furthermore, equality holds if and only if (M, g, E) is a Reissner–Nordstro¨m manifold.
8Theorem 2.3 ([13, 18]). Let (M, g, E) be a charged asymptotically flat 3-manifold satisfy-
ing the dominant energy condition, containing a connected outermost minimal surface Σ,
and assume that exterior to Σ it holds that QΣ∇ · E ≥ 0.
Then
(2.7) mADM ≥
( |Σ|
16π
) 1
2
(
1 +
4πQ2Σ
|Σ|
)
,
where QΣ = Q(Σ) is the charge of Σ. Furthermore, equality holds if and only if (M, g, E)
is a Reissner–Nordstro¨m manifold.
3. THE CHARGED RIEMANNIAN PENROSE INEQUALITY WITH CORNERS
In this section, we recall Miao’s corner-smoothing technique that allows one to smooth
out Riemannian metrics while preserving non-negativity of scalar curvature. In addition to
smoothing the metric, we simultaneously smooth the electric field following the method
by Alaee, Khuri and Yau in [1] to ensure that the hypotheses of the charged Riemannian
Penrose inequality hold. The condition H− ≥ H+ imposed on the corner amounts to
insisting that the scalar curvature does not have a sharp drop in the distributional sense;
that is, the charged dominant energy condition is preserved in a distributional sense along
the corner. Similarly, the quantity Φ+ − Φ− having an appropriate sign corresponds to
preserving the sign of ∇ · E distributionally across the corner. In order to preserve the
energy condition required in Theorem 2.1, one instead can ask that the quantities at the
corner satisfyH− −H+ ≥ 2 |Φ+ − Φ−|.
Denote by (M, g−, g+, E−, E+) the charged manifold with corners that we wish to smooth
out. To achieve this, we first smooth out the metric using a standard mollifier as in Propo-
sition 3.1 of [20] to obtain a family of C2 metrics gδ on M that is isometric to the metric
admitting corners outside of a neighbourhood Σ × (−δ, δ) of Σ. In the Gaussian neigh-
bourhood Σ× (−δ, δ), the metric is of the form
(3.1) gδ = σδ(s)abdx
adxb + ds2
where σδ denotes the metrics on each leaf of constant s. We then smooth out the vector field
E as in Lemma 5.1 of [1]. The proofs of our different versions of the charged Riemannian
Penrose inequality with corners are almost identical, with only minor differences. We
focus first on proving the version of the inequality based on Theorem 2.1, then explain the
differences that lead us to Theorems 2.2 and 2.3.
Lemma 3.1. Assuming H− − H+ ≥ 2 |Φ+ − Φ−|, then there exists a C1,α electric field
vector Eδ onM that is uniformly bounded independent of δ such that
R(gδ)− 2|Eδ|2gδ − 4|∇gδ · Eδ| ≥hδ(3.2)
where hδ is uniformly bounded onM and vanishes outside of Σ× (−δ, δ). Furthermore Eδ
is exactly equal to E outside of Σ× (−δ, δ).
9Proof. Let φ ∈ C∞c ((−1, 1)) be the standard mollifier with 0 ≤ φ(s) ≤ 1 and
∫ 1
−1
φds = 1,
used in the smoothing process defining gδ. It is shown in [20] that the scalar curvature of
the smoothed metric satisfies
(3.3) R(gδ) = O(1), (s, x) ∈
{
δ2
100
< |s| ≤ δ
2
}
× Σ,
(3.4) R(gδ) = O(1) + (H− −H+) 100
δ2
φ
(
100s
δ2
)
, (s, x) ∈
[
− δ
2
50
,
δ2
50
]
× Σ,
and by the construction in Lemma 5.1 of [1], the smoothed out vector field satisfies
(3.5) ∇gδ · Eδ = O(1), (s, x) ∈
{
δ2
50
< |s| ≤ δ
2
}
× Σ,
and
(3.6) ∇gδ · Eδ = (Φ+ − Φ−)
50
δ2
φ
(
100s
δ2
)
+O(1), (s, x) ∈
[
− δ
2
50
,
δ2
50
]
× Σ.
One then sees that the condition H− − H+ ≥ 2|Φ+ − Φ−| ≥ 0 implies the conclusion,
where hδ arises from the O(1) terms. 
Note that in the above lemma, the smoothed initial data does not quite satisfy the energy
condition that we wish to preserve. Nevertheless, we may perform a conformal change
following [20, 23] to obtain smoothed data that does indeed satisfy the energy condition.
In what follows we will use the superscripts + and − to respectively denote the positive
and negative part of a function. That is, for any function f we write f = f+ − f− where
f± ≥ 0. The required conformal factor comes from solving an equation of the form
(3.7)
{
∆gu− f−u = 0
limx→∞ u = 1 ,
for some given f .
It follows from Lemma 3.2 of [23] that (3.7) has a unique solution on an asymptotically
flat manifold M (without boundary) provided that f− is sufficiently small in L3/2(M).
Furthermore, the solution has the expansion f = 1 + A
|x|
+ O(|x|−2). For this reason, we
reflect the manifoldM across the minimal surface to obtain a manifold without boundary,
M˜ .
In [20], (3.7) was used to obtain an appropriate conformal factor, with f− taken to be
proportional to the negative part of the scalar curvature R(gδ). However, here we would
like to make two different choices of f−; one for each energy condition that we would like
to preserve. Nevertheless, the proof of Proposition 4.1 of [20] shows that provided the L6/5
and L3 norms of f− are controlled by δ then the solution uδ on M˜ is uniformly close to 1.
This in turn implies that a metric of the form g˜δ := u
4
δgδ converges to g in C
0 on M˜ and in
C2 away from the corner. In addition, the proof of Lemma 4.2 of [20] then demonstrates
that the ADM mass of g˜δ converges to the ADM mass of g+.
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From this, we obtain the following lemmas bymaking suitable choices of f− ∈ L6/5(M˜)∩
L3/2(M˜) ∩ L3(M˜) to ensure that the conformally transformed metrics satisfy the energy
conditions.
Lemma 3.2. AssumeH−−H+ ≥ 2|Φ−−Φ+| and away from the corner (1.5) holds. Then
there exists a sequence of initial data (M˜, g˜δ, (1 − ǫ)2E˜δ) satisfying (1.5). Furthermore
we have that g˜δ converges to (g−, g+) in C
0 on M˜ and C2 away from the corner, and E˜δ
converges to (E−, E+) in C
0 onM and C1 away from the corner.
Proof. Consider the sequence of smoothed metrics gδ above, and let Eδ be the vector field
given by Lemma 3.1. Now set f = 1
8
R(gδ)− 14 |Eδ|2gδ− 12 |∇·Eδ| in (3.7) and solve this on the
doubled manifold, M˜ . Note that Lemma 3.1 implies f− ∈ L6/5(M˜) ∩ L3/2(M˜) ∩ L3(M˜),
since hδ therein is compactly supported.
Let uδ be the unique solution to (3.7) and consider the conformally transformed metric
g˜δ = u
4gδ and vector field E˜δ = u
−6Eδ. Note that we have
(3.8) ∇g˜δ · E˜δ = u−6
1√
g
δ
∂i(u
6√gδu−6Eδ) = u−6∇gδ · Eδ,
so the sign of the divergence of the electric field is preserved under the conformal transfor-
mation.
By the usual transformation of scalar curvature formula, we have
R(g˜δ)− 2|(1− ǫ)2E˜δ|2g˜δ − 4|(1− ǫ)2∇g˜δ · E˜δ|
= u−5δ
(
R(gδ)uδ − 8∆gδuδ − 2(
1− ǫ
uδ
)4|Eδ|2gδuδ − 4(
1− ǫ
uδ
)2|∇gδ · Eδ|uδ
)
,
(3.9)
for some small ǫ > 0. We now choose δ sufficiently small so as to ensure |uδ − 1| < ǫ, so
that we have
R(g˜δ)− 2|(1− ǫ)2E˜δ|2g˜δ − 4|(1− ǫ)2∇g˜δ · E˜δ|
= u−5δ
(
R(gδ)uδ − 8∆gδuδ − 2|Eδ|2gδuδ − 4|∇gδ · Eδ|uδ
)
,
(3.10)
which is non-negative since uδ satisfies (3.7) with f chosen as above.

We would like to apply Theorem 2.1 to our smoothed initial data to conclude Theorems
1.1. However, it may be that after applying our conformal factor that ΣH is no longer the
outermost horizon. This can be circumvented by arguments of Miao (pages 279 – 280 of
[20]; see also Appendix A of [19]) demonstrating that after such a conformal change the
area of the outermost horizon can be made arbitrarily close to the area of ΣH by choos-
ing δ sufficiently small. In particular, if Σδ is the outermost minimal surface in (M, g˜δ)
containing ΣH then, passing to a subsequence δi with δi → 0 as i→∞, we conclude
(3.11) lim
i→∞
|Σi|g˜δi = |ΣH |,
11
where Σi is the outermost minimal surface in (M, g˜δi). Note that the electric charge eval-
uated on Σi may be far from the charge on ΣH , and Σi may not be connected. However,
the charge at infinity for (g˜δ, (1− ǫ)E˜δ) converges to (1− ǫ)Q∞ since the metric converges
uniformly in C0 and the electric field is only modified on a compact set. Theorem 1.1 then
follows from taking ǫ to 0.
By very similar reasoning we obtain the following lemma analogous to Lemma 3.1.
Lemma 3.3. Assume H− ≥ H+ and Φ− ≥ Φ+, then there exists Êδ such that we have
(3.12) R(gδ)− 2|Êδ|2gδ ≥ h2
and
(3.13) ∇gδ · Êδ ≤ 0
where ∇ · Êδ vanishes outside of Σ× (−δ, δ), and as δ → 0, we have
‖h2‖Lp(M˜) →0(3.14)
Q∞(Êδ)→Q∞(E+),(3.15)
for p ∈ [1, 3].
Proof. Consider the same gδ and Eδ as in Lemma 3.1. Then we have the same lower bound
for R(gδ)− 2|Eδ|2 as in (3.2). Moreover, recall that
(3.16) ∇gδ · Eδ = h˜δ, (s, x) ∈
{
δ2
50
< |s| ≤ δ
2
}
× Σ,
and
(3.17) ∇gδ · Eδ = (Φ+ − Φ−)
50
δ2
φ
(
100s
δ2
)
+ h˜δ, (s, x) ∈
[
− δ
2
50
,
δ2
50
]
× Σ.
where h˜δ is uniformly bounded on M and vanishes outside of Σ × (−δ, δ). Therefore we
again double the manifoldM to obtain M˜ and reflect h˜δ appropriately. On M˜ , we solve
∆gδf = h˜δ
with f going to 0 at infinity in both ends. It follows from the reflection symmetry that
∂f
∂ν
= 0 at the horizon (cf. Lemma 4 of [21]). We denote by fδ the solution.
Now setting
(3.18) Êδ = Eδ −∇gδfδ,
we have∇gδ · Êδ ≤ 0 and∇gδ · Êδ vanishes identically outside of a compact set. Moreover,
R(gδ)− 2|Êδ|2 ≥ R(gδ)− 2|Eδ|2 − C1|Eδ||∇gδfδ| − C2|∇gδfδ|2,
where we omit the subscript gδ on the above norms for notational brevity.
We fix a compact set K containing an open set of the corner Σ and derive the necessary
estimate on K and M \ K separately. We may assume that δ is sufficiently small so that
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Σ × (−δ, δ) is contained in M \ K. In particular, h˜δ = 0 on M \ K and the metric gδ is
independent of δ onM \K.
On the compact set K, we conclude that fδ is uniformly bounded in C
1,α since h˜δ is
uniformly bounded in L∞. On the other hand, integration by parts shows that as δ → 0, the
L2 norm of∇gδfδ goes to zero. As a result,∇gδfδ goes to zero in Lp onK for 1 ≤ p < 2 by
the simple inequality between Lp norms on compact domains. Moreover, by interpolation
∇gδfδ goes to zero in Lp on K for any 2 ≤ p <∞.
On M \ K, we therefore want to show that |∇gδfδ|2 goes to zero in Lp for p ∈ [1, 3].
This is easiest to see in the language of weighted Sobolev spaces (see [3] for notation and
a thorough treatment). In particular Theorem 1.10 of [3] shows that |∇gδfδ| is controlled
in the weightedW 1,2−3/2 norm. We remark that the constant in Theorem 1.10 of [3] depends
on the operator ∆gδ , however through the use of cut-off functions it depends only on the
operator in some exterior region combined with local interior estimates. Since the interior
estimates are shown to hold above, and∆gδ is a fixed metric away from the corner, we can
conclude that the constant in Theorem 1.10 of [3] can be chosen independently of ∆gδ .
From this, straightforward applications of the weighted Sobolev inequality (Theorem
1.2(iv) of [3]) show that |∇gδfδ|2 goes to zero in the required Lp spaces.
These estimates give (3.14) and then (3.15) follows by integrating the equation for fδ
and the divergence theorem. 
Note that the range of permitted values of p in the Lp estimate for h2 includes 6/5, 3/2
and 3, as required.
It is clear that a version of this lemma holds, assuming instead Φ− ≤ Φ+ and concluding
instead ∇gδ · Êδ ≤ 0. Then by the same arguments showing that Lemma 3.2 follows from
Lemma 3.1, we obtain the following two analogous lemmas.
Lemma 3.4. Suppose (M, g±, E±) is a manifold with corner such that H− ≥ H+ and
Φ− ≥ Φ+, and away from the corner (1.8) holds. Then there exists a a sequence of initial
data (M, g˜δ, (1− ǫ)2E˜δ) satisfying (1.8).
Lemma 3.5. Suppose (M, g±, E±) is a manifold with corner such that H− ≥ H+ and
Φ− ≤ Φ+, and away from the corner (1.11) holds. Then there exists a a sequence of initial
data (M, g˜δ, (1− ǫ)2E˜δ) satisfying (1.11).
Proof of the charged Riemannian Penrose inequality with corners. As above, the proofs
of Theorems 1.1, 1.2 and 1.3 are essentially identical. We therefore simply present the proof
of Theorem 1.3.
Proof of Theorem 1.3. Since each Σi as described above is homologous to ΣH , the topo-
logical assumption on Ω guarantees that each Σi is connected. We can then apply Theorem
2.3 to conclude
(3.19) mADM(g˜δ) ≥
( |Σi|
16π
) 1
2
(
1 +
4(1− ǫ)4πQ(Σi)2
|Σi|
)
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Since∇g˜δ · E˜δ ≥ 0, by the divergence theorem we have Q(Σi) ≥ Q(ΣH). Taking limits, δ
then ǫ to zero, we are done. 
4. CHARGED ASYMPTOTICALLY FLAT EXTENSIONS
In [5], a quasi-local Penrose inequality was established for an isometric embedding into
a spherically symmetric static manifold that is used as a reference manifold for the quasi-
local mass. One of the key ideas is to create a Shi–Tam type extension of the compact initial
data with a boundary to obtain an asymptotically flat initial data set using the isometric
embedding. To apply the same idea to the charged Penrose inequality, we must show that
this construction leads to a charged extension. We then apply the different versions of the
charged Penrose inequality with corners to such an extension to obtain each version of the
quasi-local charged Penrose inequality.
To this end, we now recall some details from [5] regarding the type of extensions that we
will make use of here. Suppose (M, g) is a compact 3-manifold with boundary Σ having
non-negative Gauss curvature and non-negative mean curvature. Suppose there exists an
isometric embedding Σ0 of Σ into some Reissner–Nordstro¨m manifold, in which case we
can write this Reissner–Nordstro¨m manifold as
(4.1) g = ds2 + σs,
where σ0 is the induced metric on Σ0, and similarly we denote each leaf byΣs with induced
metric σs. Let ν = ∂s denote the unit normal vector field to the leaves. A function T is
defined in [5] via the static equation for a more general static manifold, however here we are
only interested in static reference manifolds in the Reissner–Nordstro¨m family so we can
fix T explicitly. Specifically, we define T = 2 sin2(θ)|E|2, where θ is the angle between the
∂s and ∂r; that is, cos(θ) = |∂r|−1g ∂r · ∂s. Still following [5], we are interested in defining a
new metric
(4.2) g˜ = u2ds2 + σs,
in terms of some warping function u. The function T defined above is then used to solve
a prescribed scalar curvature equation for the metric g˜ to ensure that it satisfies the domi-
nant energy condition, R(g˜) ≥ 2|E˜|2, for an appropriate choice of electric field vector E˜.
Precisely, the prescribed scalar curvature equation is
(4.3) R(g˜) = R(g) + (u−2 − 1)T,
which can be solved for a smooth asymptotically flat metric g˜ for any initial value u(0) > 0,
provided
(4.4) det(A0)− Ric(ν, ν) + T
2
> 0,
where A0 denotes the second fundamental form of Σ, det(A0) = κ1κ2, and Ric denotes
the Ricci curvature of g (Proposition 4.1 of [5]). Note, throughout we will use the notation
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· to denote quantities corresponding to g, such as R = R(g). We remark that via the Gauss
equation, this condition may we expressed as
(4.5) K > (Φ)2.
Some intuition for this condition can be seen by integrating (4.5) over Σ, applying the
Gauss-Bonnet Theorem, and comparing this to the area–charge inequality for black holes,
|Σ| ≥ 4πQ2 [10, 12].
Having the appropriate asymptotically flat manifolds now at hand, we must ensure that
an appropriate choice of the electric field in our extensions can be made. To this end, we
decompose the electric field of the reference Reissner–Nordstro¨m manifold, E, into
(4.6) E = E
s
∂s + E
T
,
where E
T
is tangential to each leaf, Σs. We then have
(E
s
)2 = cos2 θ|E|2 = R cos
2 θ
2
|ET |2 = sin2 θ|E|2 = R sin
2 θ
2
.
Consider the vector field E˜ given by
(4.7) E˜ :=
1
u
(
E
s
∂s + E
T
)
and we claim it satisfies
R(g˜) = 2|E˜|2g˜
∇g˜ · E˜ =0.
(4.8)
The Christoffel symbols can be computed, noting Γiss = 0, as
Γ˜sss = −u−1∂su
Γ˜ass = −uσabs ∂bu
Γ˜cab = Γ
c
ab
Γ˜sab = u
−2Γsab.
We then compute
∇g˜ · E˜ = u−2D˜sE˜s + σabs DaE˜b
= u−2
(
∂s(uE
s
)− Γ˜sssuE
s − Γ˜assu−1Ea
)
+ σabs
(
∂a(u
−1Eb)− Γ˜cabu−1Ec − Γ˜sabuEs
)
= u−1∇gE
=0.
We also see that the energy condition holds, by
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2|E˜|2g˜ =2(E
s
)2 + 2u−2|ET |2
=R(cos2 θ + u−2 sin2 θ)
=R + (
1
u2
− 1) sin2 θR
=R + (
1
u2
− 1)T.
We now turn to consider the quantity
(4.9)
∫
Σs
V Ho(1− 1
u
)dΣs,
where V =
√
1 + Q
2
r2
− 2m
r
is the static potential for the Reissner–Nordstro¨m manifold.
We know from Proposition 3.2 of [5], the quantity defined by (4.9) is monotonically non-
increasing with respect to s provided that
(4.10) det(A0)− T
2
+
∂V
∂ν
Ho
V
> 0.
In what follows, we will consider separately the cases where the reference Reissner–
Nordstro¨m manifold has positive mass or zero mass. In the case of positive mass, we
will apply the results of [5] directly to obtain an appropriate extension. However, the
hypotheses required for this implicitly assume the mass-charge inequality holds, m ≥ |Q|
(this is implied by Condition (†), below). We therefore treat the case where the reference
manifold has zero mass separately. We record here the convexity conditions from [5].
Definition 4.1. It was shown in [5] that there exist constants C1 and C2, depending only on
the mass and charge of the reference manifold, such that the prescribed scalar curvature
equation (4.3) can be solved, and that the static mass is monotone along the foliation,
provided that
Ric(ν, ν) < 0
min κa >
C1
r2
r > C2,
(4.11)
where κa are the principal curvatures ofΣ0 and r standard radial coordinate in the Reissner–
Nordstro¨m manifold. If (4.11) holds for these constants, we say that Condition (†) holds.
We now turn to the case where the reference Reissner–Nordstro¨m manifold has zero
mass. Since the quasi-local mass with static reference – in some sense – sets its ground
state energy to be that of the reference manifold, there is no hope for a positivity result in
general. However, by choosing the reference manifold to have zero mass some hope of
such a statement is recovered. For this reason, one may view the quasi-local mass with
respect to a zero mass Reissner–Nordstro¨m manifold as a kind of “charged Brown–York
mass.”
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For the Reissner–Nordstro¨m manifold with zero or negative mass, the theorems proven
in [5] can not be applied directly. For example, the static potential is now decreasing in the
radial outward direction. We now construct appropriate extensions for using the zero mass
Reissner–Nordstro¨m manifold as the reference manifold. Recall that the metric is of the
form
g =
dr2
1 + Q
2
r2
+ r2dS2.
The metric is conformally flat with the following explicit coordinate transformation
r(ρ) = ρ− Q
2
4ρ
.
In terms of ρ, the metric reads
g = (1− Q
2
4ρ2
)2
(
dρ2 + ρ2dS2
)
.
Let Σ0 be an image of the isometric embedding into g in the above coordinate system. Let
Σs be the image of the unit normal flow in g starting at Σ0. To prove the quasi-local Penrose
inequality following the approach in [5], we need that the Σs is a convex foliation of the
exterior of Σ0 such that the prescribed scalar curvature equation (4.3) admits a smooth
solution that converges to 1 at infinity, such that the quasi-local mass of Σs with respect to
g˜ is monotonically non-increasing. As discussed above, we therefore require that (4.4) and
(4.10) hold:
det(A0)− T
2
+
∂V
∂ν
Ho
V
> 0
det(A0)− Ric(ν, ν) + T
2
> 0.
Recall that R ≥ T ≥ 0. Hence it suffices to have the following three inequalities
det(A0) + 2
∂V
∂ν
Ho
V
> 0,
det(A0)− R > 0,
det(A0)−Ric(ν, ν) > 0.
For the static potential, we have
2
∂V
∂ν
1
V
≥ −C1
ρ3
,
and for the curvature, we have
C2
ρ4
≥ R ≥ Ric(ν, ν) > 0.
Hence, it suffices to have that on each Σs,
ρ3det(A0) > C1Ho and ρ
4det(A0) > C2.
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We identify Σs with Σ˜s in R
3 using the conformal transformation. Recall that under a
conformal change, the principal curvatures satisfies
κ =
κ˜
1− Q2
4ρ2
+
Q
2
2ρ3
∂ρ
∂ν
.
It follows that ρ4det(A˜0) > C2 implies ρ
4det(A0) > C2, as long as
∂ρ
∂ν
≥ 0. Moreover,
ρ3det(A˜0) > C1H˜o and ρ
3H˜o > 2C1.
implies that ρ3det(A0) > C1Ho, as long as
∂ρ
∂ν
≥ 0 since
ρ3det(A0)− C1Ho
=ρ3
 κ˜1
1− Q2
4ρ2
+
Q
2
2ρ3
∂ρ
∂ν
 κ˜1
1− Q2
4ρ2
+
Q
2
2ρ3
∂ρ
∂ν
− C1
 H˜o
1− Q2
4ρ2
+
Q
2
ρ3
∂ρ
∂ν

≥ρ
3det(A˜0)− C1H˜o
(1− Q2
4ρ2
)2
+
1
2
(ρ3H˜o − 2C1)
1− Q2
4ρ2
Q
2
ρ3
∂ρ
∂ν
+ ρ3(
Q
2
2ρ3
∂ρ
∂ν
)2.
As a result, it suffices to require that
(4.12)
∂ρ
∂ν
> 0 ρ3det(A˜0) > C1H˜o ρ
3H˜o > 2C1 and ρ
4det(A˜0) > C2
on Σ˜s where A˜0 and H˜o are the second fundamental form and mean curvature of Σ˜s in R
3.
Recall that the family Σ˜s in R
3 satisfies the normal flow with the prescribed speed
F =
1
1− Q2
4ρ2
,
coming from the conformal factor. Then along the flow, ρ and cos θ satisfy
d
ds
ρ = F cos θ
d
ds
cos θ ≥ F sin
2 θ
2ρ
.
Hence, ρ and cos θ are both increasing as long as they are positive initially. The second
fundamental form satisfies (see [27], for example)
(4.13)
d
ds
(A˜0)ab = −∇a∇bF − FAacσcd(A˜0)db
where
−∇a∇bF = −DaDbF + Aab∂νF,
and a, b = 1, 2 are coordinates on each leaf. There exists constants C3 and C4 such that for
ρ > Q
C3
ρ4
≥ |DaDbF |
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and
0 ≥ ∂νF ≥ −C4
ρ3
.
Combining (4.13) with the above bounds, we get, by diagonalizing A˜0 at a given time,
−F κ˜2 + C3
ρ4
≥ d
ds
κ˜ ≥ −F κ˜2 − (C3 + C4κ˜ρ)
ρ4
.
Thus, we have
ρ4
d
ds
H˜o = ρ
4 d
ds
(κ˜1 + κ˜2) ≤ −Fρ4(κ˜21 + κ˜22) + 2C3 < −ρ4det(A˜0) + C3.
This shows that H˜o is decreasing assuming ρ
4det(A˜0) > C3. Let
√
C ′ = max{C2, C3}.
(4.12) holds for all s if
(4.14) ρ3H˜o > 2C1 and ρ
4det(A˜0) > (C
′)2
hold for all s and cos θ > 0 and ρ3det(A˜0) > C1H˜o hold for s = 0.
Since ρ4det(A˜0) > (C
′)2 follows from ρ2κ˜ > C ′, we compute
d
ds
ρ2κ˜ ≥F
ρ
(
2 cos θρ2κ˜− (ρ
2κ˜)2
ρ
− C3
ρ
− C4κ˜
)
=
F
ρ
(
ρ2κ˜
(
2 cos θ − ρ
2κ˜
ρ
− C4
ρ2
)
− C3
ρ
)
Assuming cos θ > δ for some δ > 0 when s = 0, then cos θ > δ for all s. We claim that
there exists C and C ′ such that ρ2κ˜ > C ′ for all s if ρ2κ˜ > C ′ and ρ > C at s = 0. We
prove by contradiction.
Suppose it does not hold for all s. Then there is a first time s = s0 that it is violated. At
s = s0, we have
0 ≥ d
ds
ρ2κ˜ >
F
ρ
(
C ′
(
2δ − C
′
C
− C4
C2
)
− C3
C
)
the right hand side is positive for sufficiently large C.
Finally, we observe that ρ3H˜o > 2C1 and ρ
3det(A˜0) > C1H˜o both follow from ρ
2κ˜ > C ′
and ρ > C. Indeed,
ρ3H˜o =ρ(ρ
2
∑
a
κ˜a) > 2CC
′
ρ3det(A˜0) =
1
2
ρ(ρ2κ˜1κ˜2 + ρ
2κ˜2κ˜1) >
1
2
CC ′H˜o.
As a result, it suffices to choose C such that
CC ′ = 2C1.
Then from Propositions 3.2 and 4.1 of [5], the proof of Proposition 4.3 therein, and the
discussion given above, we conclude:
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Proposition 4.1. Given δ > 0, there exist constants C,C ′ depending only on δ and the
charge of the reference manifold such that for any surface Σ0 in the zero mass Reissner–
Nordstro¨m manifold if
cos θ >δ
ρ >C
ρ2κ˜ >C ′
(4.15)
then the unit normal flow from Σ0 creates a convex foliation of the exterior of Σ0. Further-
more, for any initial value u > 0 on Σ0, the solution g˜ to the prescribed scalar curvature
equation (4.3) is a smooth asymptotically flat metric such that∫
Σ0
V Ho(1− 1
u
)dΣ0 ≥ mADM(g˜).
Definition 4.2. If (4.15) holds on Σ0 for those constants given by Proposition 4.1, then we
say that Σ0 satisfies the convexity condition (††).
5. QUASI-LOCAL CHARGED PENROSE INEQUALITIES
We are now in a position to prove the quasi-local Penrose inequalities by gluing exten-
sions of the form constructed above to a compact manifold with boundary. We first prove
Theorem 1.4, and note that the proof is identical regardless of whether or not we impose
convexity condition (†) andm > 0, or convexity condition (††) andm = 0.
Proof of Theorem 1.4. Let g˜ be the metric constructed above using the foliation, where the
boundary conditions for u are yet to be specified.
By the reasoning given in the preceding section, for any initial value u > 0 on Σ0, the
solution to the prescribed scalar curvature equation is a smooth solution that converges to
1 as s goes to infinity. Moreover, the quantity
(5.1)
∫
Σs
V Ho(1− 1
u
)dΣs
monotonically decreases to mADM(g˜)−m wherem is the mass of the reference Reissner–
Nordstro¨m manifold. Taking E˜ to be the vector field
1
u
(
E
s ∂
∂s
+ E
T
)
as constructed above, where · indicates quantities in the reference Reissner–Nordstro¨m
manifold. LetMext be the portion of the Reissner–Nordstro¨m manifold exterior to Σ0. The
initial data (Mext, g˜, E˜) then satisfies
R(g˜) =2|E˜|2g˜
∇g˜ · E˜ =0.
(5.2)
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Moreover, the normal flux of E˜ is independent of the choice of u – that is, Φ˜ = Φ. As a
result, assuming
(5.3) H > 2|Φ− Φ|
we may choose
u =
Ho
H − 2|Φ− Φ| .
Note that the mean curvature of ∂Mext (with respect to g), is given by
(5.4) H˜ =
Ho
u
= H − 2|Φ− Φ| > 0.
We remind the reader that at this point there are 4 distinct mean curvatures coming into
play, H˜o, H˜, H and Ho.
We readily see that if we glue together (Ω, g, E) with (Mext, g˜, E˜), it forms a charged
manifold admitting corner along Σ such that the hypotheses of Theorem 1.1 are satisfied.
It follows that
(5.5) mADM ≥
( |ΣH |
16π
)1/2(
1 +
4πQ
2
|ΣH |
)
where Q is the charge of the reference Reissner–Nordstro¨m manifold.
The monotonicity of quasi-local mass implies that
(5.6) mADM(g˜)−m ≤
∫
Σ0
V Ho(1− 1
u
)dΣ0 =
∫
Σ
V (Ho −H + 2|Φ− Φ|)dΣ,
completing the proof. 
By a closely related argument, we are also able to establish Theorems 1.5 and 1.6.
Proof of Theorem 1.5. We take the same foliation as in the preceding proof, except we will
choose a different boundary condition for u. Here we simply choose u = Ho
H
so that the
mean curvature on the boundary of the constructed extension is H˜ = H . By hypothesis
Φ ≤ Φ on Σ and E˜ is constructed to be divergence-free, so we apply Theorem 1.2 to obtain
(5.7) mADM ≥
( |ΣH |
16π
)1/2(
1 +
4πQ
2
|ΣH |
)
where Q is the charge of the reference Reissner–Nordstro¨m manifold.
The monotonicity of quasi-local mass implies that
(5.8) mADM(g˜)−m ≤
∫
Σ0
V Ho(1− 1
u
)dΣ0 =
∫
Σ
V (Ho −H) dΣ,
completing the proof. 
Proof of Theorem 1.6. The proof is essentially identical to the above, except that Theorem
1.3 is applied instead of Theorem 1.2, yielding the charge on ΣH rather than at infinity. 
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Remark 5.1. By Corollary 3.3 of [5] one sees that u ≡ 1 in the case of equality for each
of these three theorems. This in turn implies that H ≡ Ho in Theorems 1.5 and 1.6, and
Ho −H + 2|Φ− Φ| ≡ 0 in Theorem 1.4. Furthermore, one then sees that if the reference
Reissner–Nordstro¨m manifold is chosen to have zero mass, then this implies |ΣH | = 0.
By the assumption that ΣH be non-empty, we conclude that analogous to the quasi-local
Penrose inequality for the Brown–York mass (cf. [16]), these inequalities are in fact strict
whenm is chosen to be zero.
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